ABSTRACT. We prove that every minimal symplectic filling of the link of any quotient surface singularity can be obtained from its minimal resolution by a sequence of rational blowdowns applying the minimal model program for complex 3-dimensional algebraic varieties. We present an explicit algorithm for finding such sequences of rational blowdowns, where the algorithm is controlled by the MMP. This fact has been proved already in [Bhupal-Ozbagci, JEMS 2016] for cyclic quotient surface singularities and [H. Choi-J. Park, arXiv:1802.03304] for non-cyclic ones; but their proof is based on the Lefschetz fibration.
INTRODUCTION
Let (X, 0) be a quotient surface singularity. A symplectic filling of X is a symplectic filling of the link L of X, that is, a symplectic 4-manifold W with L as its boundary such that the induced contact structure on L from the symplectic structure of the interior W 0 of W is compatible with the Milnor fillable contact structure on L. Minimal symplectic fillings are classified (up to symplectic deformation equivalence) as complements of certain symplectic spheres (so-called compactifying divisor) in rational symplectic 4-manifolds by Lisca [9] for cyclic quotient surface singularities and by Bhupal-Ono [2] (refer BhupalOno [3] also) for non-cyclic quotient surface singularities.
On the other hand, every minimal symplectic filling of X can be constructed from the minimal resolution X of X by a sequence of rational blowdowns. Bhupal-Ozbagci [4] construct a positive allowable Lefschetz fibration over the disk on each minimal symplectic fillings of any cyclic quotient surface singularity. By comparing PALFs of minimal symplectic fillings, they show that any minimal symplectic filling of any cyclic quotient surface singularity is obtained by a sequence of rational blowdowns from the minimal resolution of the cyclic quotient singularity. Using a similar strategy, Choi-Park [5] prove a similar result for non-cyclic quotient surface singularities.
In this paper we prove the above results of Bhupal-Ozbagci [4] and Choi-Park [5] in the view point of algebraic geometry. We provide an explicit algorithm to produce minimal symplectic fillings of quotient surface singularities from their minimal resolution via sequences of rational blowdowns, where the algorithm is controlled by the minimal model program for 3-dimensional complex algebraic varieties. As a result, we prove: Theorem 1.1. Every minimal symplectic filling of a quotient surface singularity can be obtained by a sequence of rational blowdowns (combined with symplectic merging) from its minimal resolution.
A similar result to Bhupal-Ozbagci [4] and Choi-Park [5] is already proved in PPSU [14] in the language of algebraic geometry. PPSU [14, Theorem 11.3] show that minimal symplectic fillings of quotient surface singularities are exactly their Milnor fibers: For any minimal symplectic filling W of a quotient surface singularity X there is a smoothing π : (X ⊂ X ) → (0 ∈ D) over a small disk D(⊂ C) such that the Milnor fiber of the smoothing π (i.e., a general fiber X t = π −1 (t) (t = 0)) is diffeomorphic to the symplectic filling W . By the way, KSB [8, Theorem 3.9] show that every Milnor fiber of a quotient surface singularity X is a general fiber of a Q-Gorenstein smoothing of a certain special partial resolution (called, P-resolution) of X and that every P-resolution is dominated by the so-called maximal resolution of X, where a Q-Gorenstein smoothing may be regarded as an analogue of the rational blowdown surgery. Putting it all together in the language of topology, PPSU [14, Theorem 11.3] show that every minimal symplectic filling of a quotient surface singularity is obtained from its maximal resolution by a sequence of rational blowdowns. However the maximal resolution of a quotient surface singularity is obtained from its minimal resolution by ordinary blowups according to KSB [8, Lemma 3.13] .
On the other hand, PPSU [14] build an explicit algorithm to compare minimal symplectic fillings and Milnor fibers of quotient surface singularities via techniques from the minimal model program. Hence it would be an intriguing problem to produce an algorithm for constructing minimal symplectic fillings from the minimal resolutions via sequences of rational blowdowns with the help of the minimal model program, which is one of the motivation of this paper. In this paper we give a topological explanation of the algorithm in PPSU [14] .
Notations. In the dual graph of a bunch of CP 1 's which represents a resolution of a singular surface Y , we decorate the curves contracted to singular points on Y by rectangles . For example, we denote by the dual graph 
SYMPLECTIC FILLINGS AND P-RESOLUTIONS
We recall basics on the correspondence between symplectic fillings and P-resolutions.
2.1.
Singularities of class T . We first introduce cyclic quotient surface singularities that admit smoothings whose Milnor fibers are rational homology disk. For details, refer KSB [8, §3] for example. Let (X, 0) be a normal surface singularity. A smoothing π : X → D over a small disk 0 ∈ D(⊂ C) is a surjective flat morphism such that π −1 (0) ∼ = X and a general fiber X t := π −1 (t) (t = 0) is smooth. All general fibers are diffeomphic to each other. So we call a general fiber of a smoothing π : (X ⊂ X ) → (0 ∈ D) of X the Milnor fiber of the smoothing π. A smoothing X → ∆ of X is Q-Gorenstein if K X is Q-Cartier. Definition 2.1. A normal surface singularity is of class T if it is a quotient surface singularity, and it admits a Q-Gorenstein one-parameter smoothing. 
(iii) Every singularity of class T that is not a rational double point can be obtained by starting with one of the singularities described in (i) and iterating the steps described in (ii).
An Wahl singularity is a cyclic quotient surface singularity of type Let f : Y → X be a P-resolution. Then there is an induced map F : Def(Y ) → Def(X) between the reduced versal deformation spaces of Y and X by Wahl [16] . On the other hand, there is an irreducible subspace Def QG (Y ) ⊂ Def(Y ) that corresponds to the QGorenstein deformations of singularities of class T in Y . Proposition 2.5 (KSB [8, Theorem 3.9] ). Let X be a quotient surface singularity. Then
Y 2 → X are two P-resolutions of X that are not isomorphic over X, and if F 1 and F 2 are the corresponding maps of deformation spaces, then One may restrict the types of singularities on P-resolutions. Definition 2.6 (Behnke-Christophersen [1, p.882] ). An M-resolution of a quotient surface singularity (X, 0) is a partial resolution f : Z → X such that (1) Z has only Wahl singularities.
(2) K Z is nef relative to f , i.e., K Z · E ≥ 0 for all f -exceptional curves E. (2) There is a surjective map Def QG (Z) → Def QG (Y ) induced by blowing down deformations. (3) There is a one-to-one correspondence between the components of Def(X) and Mresolutions of X.
The above propositions imply that every smoothing π : X → D of a quotient surface singularity X is induced by a smoothing φ : Y → D of a P-resolution Y → X or by a smoothing ψ : Z → D of an M-resolution Z → X. That is, every Milnor fiber of a smoothing π : X → D of X is isomorphic to a general fiber Y t = φ −1 (t) or a general fiber Z t = ψ −1 (t) for t = 0.
Symplectic fillings as Milnor fibers.
Any minimal symplectic filling of a quotient surface singularity (X, 0) can be realized as the Milnor fiber of a smoothing π :
Proposition 2.8 (Ohta-Ono [12] , NPP [11] , PPSU [14] ). Let (X, 0) be a quotient surface singularity. For any minimal symplectic filling W of (X, 0), there is a smoothing X → ∆ of (X, 0) such that W is diffeomorphic to a general fiber X t of X → ∆.
In the previous subsection we show that every Milnor fiber of a quotient surface singularity X is a general fiber of the Q-Gorenstein smoothing of the correspondence Mresolution of X.
SEQUENCES OF RATIONAL BLOWDOWNS
We now prove Theorem 1.1. That is, for a given minimal symplectic filling of a quotient surface singularity, we present an algorithm for finding a sequence of rational blowdowns that produces the symplectic from the minimal resolution. We first deal with cyclic quotient surface singularities in §3.1 and non-cyclic quotient surface singularities in §3. 3 .
During the algorithm, we need to merge two symplectic spheres sometimes.
Lemma 3.1 (Symplectic merging).
A regular neighborhood W defined by
is symplectic deformation equivalent to a regular neighborhood of symplectic spheres whose dual graph is given by
Proof. Note that the two regular neighborhoods are both symplectic fillings of a cyclic quotient surface singularity of type 1 n (1, a) where
. As mentioned in the Introduction, each symplectic filling is given by complement of the compactifying divisor of the singularity in the rational symplectic 4-manifold V and the symplectic deformation type of the filling is actually determined by homology data of the compactifying divisor in V ∼ = CP 2 ♯NCP 2 ; cf. Bhupal-Ono [2] and Lisca [9] . The dual resolution graph of the compactifying divisor K is
In the case of regular neigborhood of symplectic spheres, which is the minimal resolution of the singularity, the homology data of K is 
To get W , we blow up V at intersection points of symplectic spheres until we obtain linear chains of spheres which can be rationally blowdown and then rationally blow down the chains. When we blow up V , we get new rational symplectic 4-manifold V ′ ∼ = CP 2 ♯(b + m)CP 2 ♯(a 1 + a 2 + · · · + a m − 3m)CP 2 and the homology data of K is same as before, and the homology data of the first chain is
and the second chain is
where E i homology class comes from the blow ups. For the minimal resolution of the Wahl singularities of type 1 n 2 (1, n − 1), the homology data of the compactifying divisor is 
Repeating this process for all the chains, we end up with rational symplectic 4-manifold CP 2 ♯(b + m)CP 2 and embedding of K whose homology data is same with that of minimal resolution case, which proves that W is same with the minimal resolution as the sympletic filling, concluding the proof of the lemma.
3.1. Cyclic quotient surface singularities. Let (Y, 0) be a cyclic quotient surface singularity and let W be a minimal symplectic filling of (Y, 0). Let Z → Y be the M-resolution corresponding to the minimal symplectic filling W . One may ignore rational double points on Z because the Milnor fibers of the Q-Gorenstein smoothings of rational double points are symplectic deformation equivalent to their minimal resolutions. So if there is no Wahl singularities on Z, then the Q-Gorenstein smoothing of Z is symplectic deformation equivalent to the minimal resolution Y of Y . Therefore we may assume that there is a Wahl singularity on Z. Let P ∈ Z be the leftmost Wahl singularity (according to fixing the order of the dual graph of Z).
DECISION. The leftmost Wahl singularity P is of the form [a, 2, . . . , 2]. TRUE. We then take the maximal linear chain in Z (starting from P = [a 1 , 2, . . . , 2]) which is of the form
Then the minimal resolution of Y contains the linear chain of the form
We first symplectically merge (a 1 − 1)− (a 2 − a 1 + 2)− · · ·− (a m − a m−1 + 2)− (a m+1 − a m + 3) so that we have a regular neighborhood defined by
We then rationally blow down a m+1 − 2 − · · · − 2 so that we can reconstruct [a 1 , 2, . . . We first replace a regular neighborhood defined by
in the minimal resolution of Y by a regular neighborhood defined by Let Z → D be a 3-fold obtained by taking a Q-Gorenstein smoothing of P ∈ Z. Then Z with the (−1)-curve E intersecting P is a flipping mk1A. After flipping, the central fiber Z + of (E + ⊂ Z + ) contains the following configuration
where we assume that b i ≥ 3 and b i+1 = · · · = b r = 2. Note that c 1 − (r − i + 1) ≥ 1 because every P-resolution is dominated by the maximal resolution and the maximal resolution can be obtained just by a sequence of blowing-ups.
If
So we can repeat this whole process (that is, go to DECISION) with the new Mresolution [c 1 , . . . , Then the algorithm provided in the previous subsection may be regarded as an explanation (from the point of view of symplectic topology) of the above result of the MMP starting from the minimal resolution (instead of starting from M-resolutions). For instance, the sequence of rational blowdowns are as follows: We first sympletically merge C We then rationally blow down the configuration 2 − 5 − 3 so that we get the symplectic filling W 81,47 (3, 2, 1, 3, 2) .
It would be an intriguing problem to compare the above algorithm with that given in Bhupal-Ozbagci [4] (in particular, with the same symplectic filling given in §4.1), which is an application of the construction of a positive allowable Lefschetz fibration over the disk on any minimal (weak) symplectic filling of the canonical contact structure on a lens space.
3.3. Non-cyclic quotient surface singularities. .
There are four classes of non-cyclic quotient surface singularities: Dihedral singularities, tetrahedral singularities, octahedral singularities, icosahedral singularities. Symplectic fillings of dihedral singularities are essentially determined by that of cyclic quotient surface singularities; cf. Bhupal-Ono [2] . So one may apply the same algorithm described in the previous section for dihedral singularities. Hence we deal only tetrahedral, octahedral, icosahedral singularities (denoted by TOI-singularities for short) in this section.
Let Y be a TOI-singularity and let Y be its minimal resolution. For an M-resolution Z of Y , let Γ be a maximal connected subgraph of the dual graph of its minimal resolution Z that contains all the dual graphs of Wahl singularities of Z. Case 1. Γ is linear. One may apply the same procedure for cyclic quotient surface singularities described in the previous section.
Case 2. Γ is non-linear. According to the list of P-resolutions of TOI-singularities in HJS- [7] , there are only 9 types of Γ described in Figure 1 . Then we provide the desired sequence of rational blowdowns case by case in Figure 2-Figure 10 . For example, in case of Γ 1 , the dual grpah of the minimal resolution Y should contain the subgraph
We first symplectically merge E 1 and E 2 . Then we have We next rationally blow-down 2 − 5 − 3 in the above configuration. Then we obtain the symplectic filling described by the graph Γ. We summarize this procedure in Figure 2 .
In the following Figures 3-10 we describe the desired sequence of rationally blow-downs (including symplectic merging) for each Γ i 's. 
